In this paper, we focus on simple exponential approximations for steady-state tail probabilities in G/GI/1 queues based on large-time asymptotics. We relate the large-time asymptotics for the steady-state waiting time, sojourn time and workload. We evaluate the exponential approximations based on the exact asymptotic parameters and their approximations by making comparisons with exact numerical results for BMAP/GI/1 queues. Numerical examples show that the exponential approximations are remarkably accurate at the 90 th percentile and beyond.
Introduction and Summary
This paper is a sequel to [1] , in which we studied exponential approximations for waitingtime tail probabilities in infinite-capacity queues based on large-time asymptotics. Let W be the steady-state waiting time (before beginning service) in an infinite-capacity queue with the firstcome first-served queue discipline. In great generality,
i.e., e ηx P(W > x) → α as x → ∞, where η and α are positive constants (independent of x)
called the asymptotic decay rate and the asymptotic constant, respectively. Moreover, the limiting exponential form is often a surprisingly good approximation when x is not too small. For example, the associated approximation for the ( 100p) th percentile w p ≡ inf {x :
is usually remarkably good for p ≥ 0. 90. (It is easy to see that the relative error in an approximation for a high percentile is typically much lower than the relative error in an approximation for a tail probability itself.)
that corresponding asymptotics for T and L are valid in any G/GI/1 queue (with general stationary arrival process) whenever (1) is valid. Moreover, we show that the resulting approximations are remarkably good by making comparisons with exact numerical values.
There is a substantial body of related literature. For additional work on asymptotics related to (1) , see Abate, Choudhury and Whitt [2] , Asmussen [5] , [6] , Asmussen and Perry [7] , Baiocchi [8] , Borovkov [9] , Chang [10] , Choudhury and Whitt [13] , de Smit [14] , Elwalid and Mitra [15] , [16] , Elwalid, Mitra and Stern [17] , Fleming [18] , Neuts [22] , [23] and Takahashi [25] . In particular, in [2] we obtain asymptotic results for the steady-state waiting time, workload and queue lengths (at arrivals, at arbitrary times and at departures) in the BMAP/GI/1 queue. Our results here are different because we treat the sojourn time and the more general G/GI/1 model.
The remarkable quality of the exponential approximation (1) for M/GI/1 queues is discussed in Section 1.9 of Tijms [26] and Section 9 of Abate and Whitt [3] . However, Example 4 of [1] shows that (1) need not be valid for M/GI/1 queues, even when the service-time distribution has a finite moment generating function in some neighborhood of the origin. (It is evident that the limit (1) can fail when this condition does not hold.) In §22 of Borovkov [9] it is shown how to establish alternative asymptotic behavior (not pure-exponential) for GI/GI/1 queues when (1) does not hold. However, Example 4 of [1] shows that the quality of the approximation provided by the large-time asymptotics deteriorates dramatically when the pure-exponential form is lost. (This behavior also holds to T and L.) This phenomenon demonstrates that having a limit such as (1) does not by itself guarantee a good approximation. However, it turns out that, not only is the pure-exponential large-time asymptotics in (1) often valid, but it turn out to be a surprisingly good approximation.
It is now relatively well understood that an exponential approximation based on (1) is good for the waiting time. It may be surprising, though, that a similar exponential approximation is also often good for the sojourn time (waiting time plus service time) without any special assumptions on the service-time distribution. This idea has been advanced by Fleming [18] , who proposes simple heavy-traffic approximations for sojourn-time percentiles as well as waiting-time percentiles in a class of M/GI/1 queues. (He focuses on two-point service-time distributions, which are realistic for computer systems.) We provide additional support for this idea, as well as develop new approximations for more general models.
Here is how the rest of this paper is organized. In §2 we relate the asymptotic behavior of the waiting time, workload and sojourn time in the G/GI/1 model. In particular, we show that all three satisfy (1) with the same asymptotic decay rate η and asymptotic constants α W , α L and α T that can be simply related. In §3 we briefly discuss light traffic. In particular, we note that the asymptotic decay rate η approaches the asymptotic decay rate of the service-time distribution, defined in (9) below, as ρ → 0, where ρ is the traffic intensity. In §4 we apply the asymptotic exponential approximations to develop an approximation for the ratio EL/EW. In §5 we discuss numerical examples for the workload and sojourn time, drawing on Lucantoni [21] , Abate and Whitt [3] , Choudhury and Lucantoni [12] and Choudhury [11] , just as in [1] . In §6 we relate the asymptotic decay rate η in (1) to the asymptotic decay rate for the steady-state queue length.
Finally, we state our conclusions in §7.
Sojourn Time and Workload
In this paper we consider the G/GI/1 queueing model with one server, unlimited waiting space, the first-come first-served discipline and i.i.d. service times that are independent of a general stationary arrival process. We assume that the mean service time is 1 and that the arrival rate is ρ < 1. We assume that the various steady-state distributions discussed below exist as proper probability distributions. For the GI/GI/1 queue, it suffices for the interarrival-time distribution to be nonlattice; see Chapter 8 of Asmussen [4] . For the more general G/GI/1 model, see Franken et al. [20] .
Let V be a generic service time random variable. For GI/PH/1 queues, the asymptotic behavior of W, L and T was described in detail by Neuts [22] . These relationships are also a consequence of interesting phase-type results in Asmussen Since the asymptotic decay rate η is the Perron-Frobenius eigenvalue of Q , it is identical for all three random variables. The asymptotic constants involve the eigenvectors associated with the dominant eigenvalue and the vectors π W , π L and π T .
Remark 1.
We conjecture that this structural solidarity result extends to GI/PH/s models with s > 1, but without having the number of phases in Q be equal to the number d of service-time phases. Indeed, we conjecture that the number of phases in Q is
This is based on the structural solidarity result for GI/H d /s queues established by de Smit [14] ; the waiting-time distribution is again hyperexponential (plus a mass at the origin) with this larger number of exponential terms.
We extend Neuts [22] and Asmussen [6] for the sojourn time by replacing the GI and PH in GI/PH/1 by G and GI, respectively, but we only consider the asymptotic parameters. This next result extends easily to s servers.
Since Ee
Then the assumed convergence for W plus the bounded convergence theorem implies the desired conclusion.
Remark 2. From [22] , [23] and [2] , we know that the correction term Ee ηV in Theorem 1 must be σ − 1 , where σ is the queue-length asymptotic decay rate; see §6 here for further discussion.
Remark 3.
It may seem surprising that the sojourn-time distribution should have the same asymptotic exponential form as the waiting time with the same asymptotic decay rate. However, Theorem 1 is especially easy to understand when the service time-distribution is deterministic;
The case of a service-time distribution with finite support is a minor modification. Theorem 1 is the natural generalization.
Remark 4.
When ρ is not too small, so that η is sufficiently small, we can use the approximation
We now treat the workload in the G/GI/1 model. For this, we use a relation between a distribution and its associated stationary-excess distribution. If X is a nonnegative random variable with cdf G and finite mean, then X e is a random variable with the associated stationaryexcess distribution, i.e.,
Proof. Apply integration by parts.
Theorem 2. In the G/GI/1 model, if e
Proof. By the generalized Taka ´ cs formula, (4.5.9) on p. 129 of Franken et al. [20] ,
for all x, where V e is independent of W and has the stationary-excess distribution of the service- 
Finally, for the GI/PH/1 queue, Theorems 1 and 2 agree with §2 of Neuts [22] .
Remark 7.
Paralleling Remark 4, we can use the approximation
Given formula (33) in [1] for GI/GI/1, we see that for GI/GI/1 as ρ → 1
where
Note that the correction term ξ in (7) and (8) 
is independent of the third service-time moment. Finally, note that ξ = 1 in the case of M/G/1, as it must.
Theorems 1 and 2 show how to compute α T and α L given η and α W or approximations for them. When it is not convenient to calculate Ee ηV , Remarks 4 and 7 show how to approximate α T and α L given η and α W or approximations for them. Paralleling §6 of [1] , we also suggest the approximations α Tap = ηET and α Lap = ηEL.
Light Traffic
It is possible to develop light-traffic and heavy-traffic interpolation formulas for tail probabilities in the spirit of Fleming and Simon [19] , Whitt [27] and references therein, but we do not develop this idea here, because then we would lose the simple exponential form of the approximations considered here. (Recall that we have algorithms to compute the exact values.)
However, it is useful to understand what happens in the light-traffic limit (as ρ → 0). It is easy to show that the asymptotic decay rate η in (1) approaches the asymptotic decay rate η _ (V) of the service-time distribution, defined as
Note that the definition of asymptotic decay rate in (9) is more general than (1), because we do not assume that the convergence in (1) necessarily holds. For example, we could have
The asymptotic decay rate η _ (V) in turn coincides with the asymptotic decay rate η _ (V e ) of the service-time stationary-excess distribution.
Indeed, from (5) it is easy to see that the steady-state workload distribution in the G/GI/1 model approaches the service-time stationary-excess distribution in the light-traffic limit; this is proved in Sigman [24] . This analysis applies directly only to the steady-state workload, but it applies to the other steady-state variables through the relationships we establish. Of course, Theorem 2 only goes from W to L. It is easy to go the other way in the context of (9), because (5)
for G/GI/1 queues.
An Approximation for the Ratio EL/EW
In this section we discuss an approximation for the ratio EL/EW, which yields EL and EW if we have either one. The approximation is based on the exact form of α L /α W given in Theorem 2 and the approximations
In particular, we suggest
where σ = Ee ηV . By Remark 6, this approximation in (11) is exact for both M/GI/1 and GI/M/1.
For the GI/GI/1 queue we can combine (7), (8) and (11) to obtain the approximation
for ζ in (8).
This approximation in (11) can also be used for the ratio of mean queue lengths at arbitrary times and at arrivals. For theoretical support, see Theorem 11 of [2].
Numerical Examples for the Sojourn Time and the Workload
In Remark 3 we noted that it is easy to see that the asymptotic behavior of T and W are closely related when the service-time distribution is deterministic. We now consider what happens with service-time distributions that are substantially more variable than an exponential distribution.
As in [1] , we obtain the exact tail probabilities from the algorithms in Lucantoni [21] , with transform inversion from Abate and Whitt [3] , as implemented by Choudhury [11] . We obtain the exact values of the asymptotic parameters from the moment-based generating-functioninversion algorithm in Choudhury and Lucantoni [12] . We also estimate the asymptotic parameters by linear regression applied to the numerically calculated tail probabilities (after taking logarithms) as described in [1] . (7) does not apply because the arrival process is not renewal.) Table 3 compares exponential approximations for the tail probabilities of the steady-state workload and sojourn time with exact values computed using the algorithm in [11] . Again the exponential approximations perform well. Our experience indicates that, consistent with intuition, the quality of the exponential approximations for the waiting time and workload is usually somewhat better than for the sojourn time. However, the difference is hardly perceptible in Table 3 .
With regard to the approximation for EL/EW in §4, here EW = 5.831 and EL = 5.131, so that EL/EW = 0.880. Since α L /α W = 0. 871, we see that the mean ratio approximation in (11) performs well in this example.
Example 3.
We conclude with an MMPP/Γ 1/2 /1 example, which is used to evaluate heavytraffic asymptotic expansions for the asymptotic decay rates of the waiting time in §7 of Choudhury and Whitt [13] . The service-time distribution is gamma with shape parameter 1/2, which is not rational and thus not PH. It is moderately highly variable, with first three moments 1, 3 and 15.
The arrival process is a two-phase MMPP, which has four parameters (the arrival rate and mean holding time in each phase), one of which we determine by letting the arrival rate be ρ. A second parameter is determined by assuming that the long-run arrival rate in each phase is ρ/2. A third parameter is determined by assuming that the expected number of arrivals during each visit to each phase is 5. Finally, the last parameter is determined by making the ratio of the arrival rates in the two phases 4. Tables 4 and 5 
The Queue Length
In this section we indicate how the asymptotic decay rate η for the steady-state waiting time, sojourn time and workload is related to the asymptotic decay rate σ for the steady-state queue length in a large class of G/GI/1 models. To establish a connection, we assume that the service-time distribution is phase-type (PH). What we present here extends results in Neuts [22] for GI/PH/1 queues and Abate, Choudhury and Whitt [2] for BMAP/GI/1 queues. It still remains to give a proof for the general G/GI/1 model.
We assume that the steady-state distributions are well defined. Let Q be the steady-state queue length at an arbitrary time. Paralleling (1), typically we have
but we define the asymptotic decay rate σ more generally by setting
as in (9) . We define η _ (L) as in (9) too. We discuss only the steady-state distributions at arbitrary times, but a corresponding result holds for the steady-state distributions at arrival epochs.
To establish our result, we need to know about the asymptotic decay rates of phase-type distributions.
Lemma 2. Let V have a k-state phase-type distribution characterized by the pair (α,T) where α is the initial distribution, T is the infinitesimal generator of the absorbing continuous-time
Markov chain and every phase can occur. Then
where R i represents the residual service time starting in phase i.
Proof.
Since α i is the probability of starting in phase i,
with P i j = 0 otherwise, and let
Since all phases can be reached,
We now state our queue length theorem.
Theorem 3. In the G/PH/1 queue,
Proof. Let the service-time distribution have k phases. Let L i and Q i be the steady-state workload and queue length at an arbitrary time conditional on the server being busy in service phase i. Let R i be a residual service time starting in phase i. Let π i be the steady-state probability of being in service phase i conditional on the server being busy. It is well known that
and
The fundamental relation connecting L and Q is
By Theorem 11 of [1] and Theorem 2 here, η
we can apply (15)- (17) to obtain the desired conclusion.
Remark 8.
In [2] we showed for the BMAP/GI/1 queue that the asymptotic constants α L for L and β in (13) coincide. It does not seem easy to deduce this conclusion from the proof of Theorem 3.
Conclusions
For the G/GI/ 
